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1. Introduction

Recently, the effect of deformation technigue on
hyperbolic function has been studied for the
hyperbolic distributions in several works (El-
Shehawy (2012a, 2013b, 2017); Kyurkchiev at al
(2015)). Some classes of deformed hyperbolic
distributions have been proposed. Each deformed
distribution has been constructed via scalar
deformation parameters (parametric functions).

In regards of the trigonometric distributions,
which include one or more trigonometric functions,
these distributions have been discussed in several
fields (Chesneau et al (2018); Karim and Seddiki
(2012); Rinne (2010); Surhone and et al (2010);
Ahsanullah and Shakil (2018); El-Sabbagh and et al
(2009); Sinha (2012), Kyurkchiev and et al (2015)).
Some classes of these distributions have been
provided in various formulas. As applications, the
probability density function "pdf' and the
corresponding cumulative distribution function "cdf"
for some of these distributions are functions
commonly used to avoid inter symbol interference in
communications systems (Karim and Seddiki
(2009); Surhone and et al (2010); Kyurkchiev and et
al (2015)).
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In this paper, the goal is concerned to study
effect of applying the deformation technique on
raised cosine distribution "RC-distribution” as well

the standard raised cosine distribution "SRC-
distribution” and the reduced raised cosine
distribution "RRC-distribution” as trigonometric

distributions by introducing two parameters "p and q"
in the interval ]0, 1] on the included cosine function
in these distributions. Moreover, we study the
possibility of applying the deformation technique to
transform RC-distribution as well its standard form
and reduced form to corresponding pg-deformed
raised cosine distribution " pg-DRC-distribution”, the

corresponding  pg-deformed  standard  raised
distribution " pg-DSRC-distribution” and pg-
deformed reduced raised cosine distribution " pg-

DRRC-distribution” respectively.

The rest of this paper is structured as follows: A
class of symmetric cosine distributions is presented in
the next section. The construction of the pg-deformed
3trigonometric functions with some properties is
explained in section 3. Some main results about
applying the pg-deformation  technique by
introducing two unequal deformation parameters in
the interval ]0, 1] on RC-distribution and its standard
and reduced cases are given in section 4. Section 5
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contains some results when two equal deformation 1

parameters are used. Conclusions are provided in stc(X):E (L+coszx) ; x €[-1,1]. (2

section 6.

2. Overview on a class of RC-distributions The RRC-distribution is other form of RC-

. : . distribution with £ =0 and S=m has the

Here, a brief survey on some trigonometric . _

distributions involving the cosine functions is following pdf:

provided. 1
Firstly, a sample of symmetric cosine Frre(X) :E (1+cosx); x e[-7, 7]. ()

distributions in various forms is given.

The RC- distribution is one of these distributions which is a reduced form of the RC-distribution.

with two parameters £, S and with pdf in the Graphically, the following figures describe the curves
following form: of the previous pdf's (1), (2) and (3) respectively.
frc(Xsu,8)= —(1+ cos (72'(—))) X €[ —S, pFos nore details on the these distributions with their
properties see these works (Chesneau et al (2018);
,where £eR,s>0. (1) Karim and Seddiki (2012); Rinne (2010); Surhone
and et al (2010); Ahsanullah and Shakil (2018); EI-
Moreover, the SRC-distribution has the following pdf Sabbagh and et al (2009); Sinha (2012), Kyurkchiev
in the standard form of RC-distribution with x« =0 and etal (2015)).
and s =1:
1 xi 3
Figure 1. pdf of RC-distribution  Figure 2 pdf of SRC-distribution Figure 3 pdf of RRC-
on[-5,5] on L1 distribution on [—, 7]
3. Outline of the pg-deformed form for sine and function (El-Sabbagh and et al (2009); Hassan and
cosine functions Abdel-Salam(2009); El-Shehawy  (2012); El-
. Shehawy (2017)).
In order to study the effect of the deformation
technique on the trigonometric distributions, some The pg-deformed cosine and sine functions satisfy
main properties of deformed trigonometric functions the following properties:

with two scalar deformation parameters pand (, . .
. Slﬂpq( + ]‘T:} = I'(p - Q)KZ,
where p,q €]0,1], are given. The pg-deformed _
05,0 —cos,,m=p +q,

forms of cosine and sine functions are expressed cos, (+1) = —(p+q)/2 5)
respectively as follows: . . '

Siny(m/2) — siny(—m/2)=p +gq,
cos,, X = (pe™ + ge ) /2 and
. P (p . 1 —;-x)f Moreover, the 1% derivatives of these pg-deformed
sin,, x = (pe'™ —qe”)/2, X eR.. (4) trigonometric functions with respect to x can be

obtained by the following relations:
Each deformed function has been constructed by

introducing the deformation parameters as factors of (c0SpqX) = —sin,, x and(siny, x) = cosy, x. (6)
the exponential growth (positive) and decay
(negative) parts of the considered trigonometric
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For more details about the deformed trigonometric
functions, see (El-Sabbagh and et al (2009); Hassan
and Abdel-Salam(2009);.

4. Applying the deformation technique by
introducing two unequal real valued parameters
on RC-distribution

In this section some main results about the
possibility of applying the pg-deformation technique
on RC-distribution and its standard and reduced cases
by introducing two unequal parameters P and q in

10, 1] is provided.
The first step is to explain how the deformation
technique can be applied on RC-distribution, SRC-

distribution and RRC-distribution with their pdf's
respectively.

For RC-distribution with two parameters g, S,

where 4 € R, s = 0 and the given pdf f . (X;u,S)

in (1), by applying the pg-deformation technique on
this pdf the following deformed form can be
obtained:

1 x—u
qu-DR.C (x: i, 5p, ':?) = E (1 + COSpQ(H(T))) ;

x € [u—s,pu+s). (7

Consider SRC-distribution with pdf f .. (X)in (2)
and applying the deformation technique via two
unequal parameters P and ( in ]0,1], the
following deformed form of fg.(X) can be

derived:

1
qu-DSRﬂ (pq) = 3 (1+ COSpq mx) ;x € [-1,1]. (8)

Finally, for RRC-distribution with pdf (3) the pg-
deformed form of its pdf can be expressed by
applying the deformation technique as follows:

1
qu-DRRE(x:pJQ) =g[:1 + Coqurx]:x € [—?I,]‘I], )

where p and q are two unequal deformation

parameters in ]0, 1].

Based on these three obtained pg-deformed
forms (7), (8) and (9), the following proposition,
which refers to one of the main results, can be
provided.

Proposition 1 Via unequal real valued deformation
parameters p and ( in the interval ]0, 1], RC-

distribution on the interval [ — s, 1+ 5] can't be
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transformed to a corresponding pq-deformed
distribution on the considered interval.

Proof: Consider RC-distribution with the given pdf
(1) and apply the pg deformation technique for

fac(x;p,5) on [ —s,p+5], where ueR, s>0,
the pg-deformed form £, pee (x4, 5,2, q) in (7) can
be obtained. Using (5), we can find

o 1
o foqoreCamspqydx = [0 (1 +
€0Spq( ?r(':;“))) dx=1+ i (5in,, T — sing( —
m)=1
and by using MAPLE-Package, the curve of
f oq-orc (X342, S, P, Q) can't be plotted for

p #(Q . Moreover,at X =0, u=1,s =4 we
find that

foqorc(0:14,p,q) =3 (1 + cos,( —/4)) =
S(A+55@+a) +izz@—p)

is not real if p = q. This implies that, one of the two
conditions of the pdf is not satisfied for

foq-ore(%: 1,5, p, q). Then, the pg deformation
technique can't be used to transform RC-distribution
(1) to a pg-deformed distribution if p # gq.

Then, the proof is completed.

Proposition 2 Via unequal real valued deformation
parameters P and  in ]O, 1]:

(i) SRC-distribution on the
transformed to a corresponding
distributions on the considered interval.

[-1,1] can't be
pg-deformed

(if) RRC-distribution on [—, ] can't be transformed
to a corresponding pq-deformed distributions on the
considered interval.

Proof: Similar to the proof of proposition 1,
proposition 2 can be proved as follows.

(i) Applying the deformation technique on SRC-
distribution with pdf fipc(x) in (2) on [—1,1], then
ferc(x) can be given in the pg-deformed form (8).
From  (5), the definite integration  of

qu-DSRC (X; p,g) onRequals 1, i.e.

] 1r-1
I Foaosec (P, @) dx = [* (1 + cosyqmx) dx =

1, . .
1+ (St T —sin, (—m)) = 1.
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On the other hand, the function f . ,eec (X P, Q)

in (8) can't be graphically described for p # gon
[—1,1] and moreover, at x = 0.5

1 — 1
qu-DSR.C (1;2: P, Q) = 3 (1 + CO5pg i (]‘I,JZ)) = 3 +

. (p—q)

t 4

is not real if p # g. Then, one of the two conditions
of the pdf is not satisfied for f,,.pspc (x; 2, q). This
means that, the pq deformation technique can't be
used to transform SRC-distribution (2) on [—1,1] to a
corresponding pg-deformed distribution if p = gq.

Then, the proof of (i) is completed.

(i) For RRC-distribution with pdf (3), the pg-
deformed form (9) of (3) can be obtained by applying
the deformation technique. Using (5), it is clear that

o 1
.f_-_\-_-qu-DR.R.C (x:p’ Q) dx = f_]?n-g (1 + Coqux) dx =
i (2 + sin, m —sin,(—m)) =1
,and using MAPLE-Package, the function
fog-orrc (%: . q) can't be graphically obtained for

p #Q on [—m,m]. Moreover, at x = m/4we find
that

foqorac (T/4:2,9) = == (1 + c05,4(/4)) =
—((L+55@+9) +izz@—q)

is not real if p = g. This implies that one of the two
conditions of the pdf is not satisfied for the pg-
deformed function f,, ngrc(x:p,q). Then, the pq

deformation technique can't be used to transform
RRC-distribution with the given pdf in (3) to a
corresponding pg-deformed distribution if p # gq.
Then, the proof is completed.

5. Applying the deformation technique by
introducing two equal real valued parameters on
RC-distribution

In this section, the pp-deformation technique (i.e.
pg-deformation at p = q) where p €]0,1], is applied.
The attempts for this considered class of
trigonometric distributions in the previous section
can be repeated in this mention case with two real
valued deformation parameters and the corresponding
results are provided.

Applying the pp-deformation technique on the
considered trigonometric distributions, then the
deformed forms of (1), (2), (3) can be given
respectively as follows:
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fop-ore (16,5, 8) = 2= (1 + p cos(m(=£)));x €

[t —s p+5]
(10)

fop-osre(ip) =3 (1 +peosmx) ;  x € [-11]
a
fop-nac(ip) = - (1 +pcosx) ix € [-m,7]. (12)

Based on these three obtained deformed
forms (10), (11) and (12) respectively, the following
proposition of some results and properties is given,
where the following symbols can be used with the
corresponding index for each considered distribution:
the cdf "F ", the expectation " 4", the variance

"o’ ", the r" non-central moment about 0 " u,", the

y", the

kurtosis "#" , the moment generating function "M (t)
" and the characteristic function "¥(t) ".

r" central moment " 4, ", the skewness

Proposition 3 If the pp-deformation technique has
been applied using P €]0, 1] on the considered

class of the trigonometric distributions with pdf's (1),
(2) and (3), then:

(i) the constructed deformed form (10) of (1) can be
considered as pdf of the deformed DRC-distribution
"pp-DRC-distribution™ with the following properties:

1 -
Fpp-nm(x:p,ﬂ,s) = 5(1 +T+
Esin(m(5))),x € [ — 5,1 + 5],
Hpp-DRC = ,ul' pp-DRC = H

J _ 2 2 1 Zp
M2 ppprc = H° +5°(C — =),
3 T

. 2
Hzppprc = M(p* +5%)— 6pu %:

. 1 2
Heppore = 2 (5" + 10§57 +5%) —dp = (3% +

2
52) - 62)
1 2p

Jgp-[:m: = Hzpp-DRc = s* (5 — 2k

M3, pp-DRc = ¥ pp-DRC = 0,
s*at-z0pnt+120p)

“4.pp-DRC = St ’
_ e(m*-180p+90p%)
ﬁpp-DRJ: - S —6p)°
2, \ 22
_ T HA-pse s
Mpp-DR.C (t) = me sinhst,t =0 and
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- 2 i3 .2 .2
e +(1-p)is*t
¥

o .
pp-ore(t) = eisinst,|t| #0,-.

st(mi+its%eh)

(ii) the constructed deformed form (11) of (2) can be
considered as pdf of the deformed SRC-distribution
"pp-DSRC-distribution”  with  the  following
properties:

1 I
Fpppsre(6p) = 2 (1+x+ % s5in:.imx),x €
[~11].p € (0.1]

Hyp-psre = .u'i.pp-DSRE = .u'lB.pp-DSR.C = Happ-DSRC =

Yop-psrc = 0

2 _ _ ' _ 1 Zp
Opp-DsRC = HzppDsRc = HappDRC = 3~ @

' 1 1 1
Happpsrc = HappDsRC =5 4p = (1- 6;)1

6(r*-120p+90p?)

ﬁpp-DSRC = 5(mE—6p)°
i+ (l-pict .
M ty)= ———sinht,t =0 and
pp-DSRJ:( ) t(']?3+t3:|
TEH1-pite? .
lppp-DSR.C(t) = Wﬁ'lﬂ t, |t| * 0,]"[.

(iii) the constructed deformed form (12) of (3) can be
considered as pdf of the deformed RRC-distribution
"pp-DRRC-distribution”  with  the  following
properties:

1 x v .
Fpp-prec(4:P) = 2 (1+ i sinx), x € [—m, 7],
Hypp-prrc = Hipp-DRRC = H2pp-DRrc = Happ-DRRC = 0,

Ip

2 — I -
Opp-DRRC = M2ppDRRC = M2ppDrRc = T (5_ =
o _ i 4 _4 ( 2 —6)
Ha, pp-DRrRe = Ha, pp-DRRC = 5 7 p (7 '

6(r¥—120p+90p7)

Ypp-prec = 0, ﬁpp-DRRC = s(2—6p)2
My, perc (£) = %si’m’mt,t #0 and
@, orrc (t) = %sm it [t] % 0,1

Proof:

(i) Since —1< cos(n(%)) <1, then
0=<1 —i—pcos[n[:;“)). This  implies  that

f soorc (X3 44,8, P) is a real valued function and

fpp—DRC(X;luvsip)ZO'
Vx € [u —s,u+5],. Moreover, u€R, s >0

vp €]0,1],
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oo 1
e oponcir s =22 +
pcos(m(=E)))dx =—(25+0) = 1

Then, there exists an effect of the deformation
technique on RC-distribution and the corresponding
obtained deformed distribution "pp-DRC-

distribution" with p €]0,1] has pdf (10) on
[££—S, p+5S]. Graphically, the pp-deformed form
(10) can be considered pdf for the pp-DRC-
distribution only if p €]0,1] (see Fig. 4 and Fig. 5).

Figure 4 The pp-deformed form (10) of the pdf of RC-
distribution on [t — 5,1+ 5] with
p=1s5s=4p=1/5

Figure 5 The pp-deformed form (10) of the pdf of RC-
distributionon [t — s,u +s]withug=1,s=4,p =5

To derive the properties of the constructed pp-

DRC-distribution, let X be a random variable
follows the pp-DRC-distribution on

[ £—s, p+s]. Then

Fopore(6iP) = [, Foporcip) du = - [~ (1+
pcos( n(?)))du

=%(1+%+Esin(n[i—“))),_u—s Sx=u+s,



To find the non-central moments we derive the
general form of the r™ non-central moment g, ,,,, pac

, Where r = 1,2,3,..., as follows:

Happ-orc = Happore — 4H1,pp-DrcHa pp-Dre T
6(“1.pp-DR.C)21u2.pp-DR.C_ 3(#1.pp-nmc)4

_ s*(m*-20pr®+120p)

u+s =
lu'rpp DRC — J._ X fpp DRJ:(x p) dx = J. r(1 + s
pcos(m(=5))) dx HappDRC  _ —
s Ypp-DRC = m 0andf,y prc =
2-
rel el B _ HyppD _3= 6(1? —180p+90p=)
= Zors () =k —s) )+ ST = (K2,pp-DRC)’ S(n° —6p)°
1,2,3,.
where

The moment generating function and the

pt+:- characteristic function of X are respectively

L=[ x Ct;:.'s[it('l )))dx—’r—[(,u—s)’" 1

(u+ s)’" h_(r— 1) 1], 7 =234,... Mypoac(t) = | ™ fopprc (6 p) dx =
Ir3+c'1—pjsgt3
st(mi+5%r%)

o= fu+5 CGS(?T(X _,[.‘,)) dx = % (sin( n(x )))u—s 0, qlpp-DR.C(t) - ffxeimfpp-nm:(x: p)dx =

—5 s +c'l puz’ s2 e . ™
H ﬁe“" Smst, |t| * 0,
stcrr +i5°7) 5

Hieinhst, t =0

+s _
I =[ xcos( n(x ,u)) dx = [x sin( i‘T( )))u_s ?Tf @‘395:5. c W};&uﬁgx = —Elte"‘t sinhst

H—s (me+s%c
and
I 4 i { 12 s Iy, =32 ol 5+ 48 SS
2= T a3 = — lafi—, .u s iex - g
s T Iu . cos( 1'1:[l ) dx Eaam e sinst.

This Implies that: (ii) It is clear that, the constructed deformed function

Hypore = 1y op-DRC = i((ﬁ +8)—(u—5))+ fop-psrc(x:p) In (11) can be considered as pdf of pp-
i HE 4s

B DSRC-distribution, since it is a standard case of pp-
2s =hi=a DRC-distribution on [—1,1] where u=0, s=1,
I pp-DRC = é(@“ +5)P¥—(u—2s) +£fz =pu’+ fop-psrc(:p) is @ non-negative real valued function

2(___ Vx € [-11],¥p €]0,1], and the integration of

: ' fop-psac(x:p) on [—m, 7] equals 1.
Jgp DRC = Hlzpp-prc = HappDRC — [_ul.pp_mc)? =

52 (__ L This means that, there exists an effect of the
1 . . deformation technique on SRC-distribution and in
ﬂs.pp-DRJ: = s (k+s)—(w—5%+ this case, the obtained deformed distribution "pp-
2 i H H H TR -
313 —u(i? +5%) — 613;,;:- ] DSRC-distribution" via two equal parameters in

10,1] has pdf in the pp-deformed form (11).

: 1 P
Bappore = —— (1 +5)° — (u —5)° +o1
“PPDRC [(,u )= s * Similar to (i), the pp-deformed form (11) can be

== (Sp, + 10;,;252 +54)— 4p (3;,; + 52— graphically considered pdf for the pp-DSRC-
53) distribution only if p €]0,1] (see Figure 6 and Figure
6_2 . 7)
T .

By using the relation between the central and non-
central moments, we find that

Hzpp-orc = Happore — 3H1,pp-DRcHa pp-Dre T
2(#1.pp-nmc)3 =0,
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Figure 6 The pp-deformed form (11) of the pdf of
SRC-distribution on [-1, 1] withp = 1/5

The properties in (ii) of the constructed pp-DSRC-
distribution on the interval [—1,1] can be directly

derived at u = 0 and S =1 in the results of (i).
(iii) Similar to the case in (ii), the constructed
deformed function f | peec(X5P) in (12) can be

considered as pdf of pp-DRRC-distribution, since it
is other special case of pp-DRC-distribution on the

interval, S=7m, p=0where [-7, 7]

negative real valued-is a non f o eoc(X;P)

Figure 8 The pp-deformed form (12) of the pdf of RRC-

distribution on [~m,w] withp = 1/5

Moreover, the properties of this constructed pp-
DRRC-distribution on [—7z, 7] can be directly
obtained by using the substitution 4 =0 and S =7
in the results of (i).

Then, the proof is completed.

Proposition 4 The following properties are satisfied:

1- For pp-DRC Distribution, where p €]0, 1]:

(i) The moments M2 pp-DRC Happ-DROM 2, pp-DRC and
Happ-pre @re monotonic decreasing functions of p ,

(ii) If # = 0 then the moment 45 .., rc is @ Monotonic
decreasing function of P and also if i < 0 then the
moment Iié.pp-nnc is @ monotonic increasing function
of p,

Figure 7 The pp-deformed form (11) of the pdf
of SRC-distribution on [-1, 1] withp = 5

function Vx€[—mm], V¥pe€]01l], and the
integration of f  jeec(X;P) on [—7, 7] equals

1. This means that, there exists an effect of the
deformation technique on RRC-distribution and in
this case, the obtained corresponding deformed
distribution "pp-DRRC-distribution” via two equal
parameters in ]0,1] has pdf in the pp-deformed form

(12). Moreover, the pp-deformed form (12) can be
graphically considered pdf for the pp-DRRC-
distribution only if p €]0,1] (see Fig. 8 and Fig. 9).

Figure 9 The pp-deformed form (12) of the pdi

distribution on [—m,m] withp = 5
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(iif)  The kurtosis f,,_pac IS @ monotonic increasing
function of p,

(iv) The moments p ., prer M1 ppDre Happ-pre aNd
the skewness y,,.pgc are constant functions with
respectto P .

2- For pp-DSRC Distribution, , where p €]0, 1]:

(i) The moments M2 pp-DSRCr Happ-DSRer H2,pp-DSRC and
Happ-psrc @re monotonic decreasing functions of p,

(if) The moment Ju'a.pp_nsﬂc is a constant function with
respectto P,

(iii) The kurtosisf,,.pspc IS @ monotonic increasing
function of p,

(iv) The moments 4, nspes H1,pp-Dsrey Ha,pp-psre @Nd
the skewness y,,.pspc are constant functions with

respect to p .
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3- For pp-DRRC Distribution, where p €]0, 1]:

(i) The  moments {13 pp-prre, Happ-DRRC-H2,pp-DRRC
and i, p,,-nrec @re monotonic decreasing functions of

P,
(if) The moment ,u,'glpp_[,m: is a constant function with

respectto p,

(iiii) The kurtosisis a monotonic increasing [, prre
function of p,

(iv) The moments u; ,p prac: Hi1pp-orre: s, pp-DRRC
and the skewness ¥, prrc are constant function
with respectto p ,.

Proof: From the previous results, these properties
can be directly proved as follows:

1- For pp-DRC Distribution, where p €]0,1]:

(i) Based on the obtained forms of the 2" central and
non-central moments " 44, o pec and 4 o pec

we find that:

“;‘-PJPJ'DRC _"U';-P:P:'DRC = 432((3-”'2 + 32)_
652 /m*)(p, — py) /7.

Then
Then _u;Lplpl.[]R_C - ﬂlﬂg,pgpg-ﬂﬂc = 0 If pz = pl'

This implies that 5, pec aNd oo pre are
monotonic decreasing functions of P .

From the obtained form of the 4™ non-central

moment 4, .o ore » We find that:

Happ,-DRC ™~ Hapyp,-DRC = 4s*(m* — 6)(p; —
pl)/n4

Then 4t .o pre ~ Ma, pp,DRC > 0 if p,>p;.

This implies that Ju;.pp_mm is a monotonic decreasing
function of p.

From the obtained form of the 4™ central moment
Happ-pre We find that:
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Hap p,-DRC — Hap,p.-DRC = 4s%(m* — 6)(p; —
Pl)r’nﬂ‘

Then piyp » pre — Hap,p,-orc > 01F Py =y

implies that is a monotonic

This Hy, pp-DRC
decreasing function of p .

(i) By using the deduced forms of the 3 non-central
7 op-Dre + the following relation can be obtained:

H3p,p,-DRC ~ M3 p,p,-DRC = 6pus® (P2 — Pl)f?fz-
Then

JU'IB.plpl-DRJ: - .ula.pgpg-DRJ: =

{—i—iw:ifp2 = py, = Oorifp, < p <0

—ive:ifp, = py, p < Oorifp, <p,pu =0
This implies that 44 e is a monotonic

decreasing function of p, where ¢ >0 and itis a
monotonic increasing function of P, where 1 <0.

(iii) From the derived form of the kurtosis /3, prc .
the following relation can be obtained:

ﬁpiPJ-DIC - ﬁpgpg-DIC = A(Pl - Pz), where

A =
6(18(m*+12n%)+(p, +p;) (102077 —54m*)—648p, 1)
5(m*-6py)° (1 —6p,)”

Vp.p2 € (0,1].

Then B, u,-brc = Bp,p,-ore = 01f Py = ps.

=0

This implies that f,,,, psc IS @ monotonic increasing
function of p .

(iv) Since

H1ppDRc = 4 Hippore = Happore = Yopore = O
1

then £4 oo pre » Hipporer Ma, pp-pre @Nd

7 op-DRe &r€ constant function with respectto p .

2- For pp-DSRC Distribution, where p €]0,1]:

(i) Based on the obtained forms of the 2™ non-central
and central moments of the pp-DSRC Distribution,
the following relation can be obtained:

Hzp.p,-DsRc— H2p.p.-DSRC = H2p,p,-DSRC —
_ 2
Hz2p.p,-DSRC = 2(p; —p)fm
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Then

H2p,p,-DSRC ™~ H2p,p,-DSRC = H2,p,p,-DSRC —
M2 p.p,psrc = 0
if p,>p;.

This implies that ﬂé,pp.DSRc and L, ,,.psre are
monotonic decreasing functions of p .
Similarly, from the derived forms of the 4™ non-

central and central moments, the following relation
can be deduced:

Hap p,-DsRc ™ Hap,p,-DsRC = Hap,p,-DSRC —
Hap.p.-DSRC = 4(1— 63”2)@2 - pl)jnrz

Then

ﬂ;.plpl-nsnc - -u;l.pgpg-DSRC = H4p,p,-DSRC —
Hypp,-psrc = 0

it P, > P,

This implies that fe,,,ppec aNd  fyppprac are
monotonic decreasing functions of p .

(i) Since ,u,'glpp_[,s,m:o, then this moment is a
constant function with respectto p,

(iif) Similar to the previous proof in 1 — (iii) for pp-
DRC distribution and from the derived form of the
kurtosis S, perc. the following statement can be

obtained:
ﬁplpl-DSRC _ﬁpgpg-DSRC =0ifp; > p;.

This implies that ﬂpp_DSRC is a monotonic increasing
function of p .
(iv) Since
H1pp-psre = Hipp-nsre = Mapp-nsre = Ypp-psee = 0.
!
then L4 oo psre + 44, pp-bsre + Ma, pp-psre and

7 op-Dskc are constant function with respectto p .

3- For pp-DRRC Distribution, where p €]0,1]:

(i) Based on the obtained form of the 2" non-central
and central moments of pp-DRRC Distribution, the
following relation can be found:
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H2p p,-DRRC — H2,p.p,-DRRC = H2p,p,-DRRC —
H2p.p.-DRRC = 2(p: —p1)

Then
H2p p,-DRRC — H2,p.p,-DRRC = H2p,p,-DRRC —
Mz p.p,-Drec = 0

if p,>p,.

This means that o, prec aNd g, pere are
monotonic decreasing functions of. p

By using the deduced form of the 4™ non-central and
central moments, the following relation can be
obtained:

Hap,p,-oRRC — Hap.p,-DRRC = Hap,p,-DRRC —
Happ,-DRRC = (4r* — 24)(p; — p1)-

Then

Hap,p,-oRRC — Hap.p,-DRRC = Hap,p,-DRRC —
Hap,p,prec = 0
if P> ;.

This implies that je,,,ppec aNd  fyppprac are
monotonic decreasing functions of p .

(i) Since w3y, perc =0, then this moment is a
constant function with respect to p,

(iif) Similar to the proof in 1 - (iii) for pp-DRC
distribution and from the derived form of the kurtosis
ﬂpp_DRRC of pp-DRRC Distribution, the following

statement is satisfied:
ﬁplpl-DRRJC _ﬁpgpg-DRRE =0 if p1 > p2'

This implies that ﬁpp_DRRc is @ monotonic increasing
function of p .

(iv) Since

H1.pp-DRRC = H1pp-DRRC = M3pp-DRRC = Vop-DRRC = O,
[

then 44 pp.prre v A4, pp-pRRC + M3, pp-DRRC @Nd

7 op-DRRC '€ constant function with respectto p .

Then, the proof is completed.
6. Conclusion

Based on applying the pg-deformation via unequal
values of the deformation parametersin ]J0, g and p
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1], the class of RC-distribution, SRC-distribution and
RRC-distribution  cant be transformed to
corresponding pg-deformed distribution on the
considered intervals. On the other hand, there exists
an effect of applying the pg-deformation technique
on this class of distributions if p =q and in this

case, this studied class of distributions can be
transformed to a corresponding class of pp-deformed
distributions ~ "pp-DRC-distribution,  pp-DSRC-
distribution and pp-DRRC-distribution".

Some measures and functions of the constructed
pp-deformed distributions are derived as functions of
p. According to the obtained results, the 2" and 4%
central or non-central moments and the kurtosis are
monotonic decreasing functions of p . Moreover, the

1% central and non-central moments, the 3™ central
moment and the skewness are constant functions.
Although the 3™ non-central moment of pp-DSRC-
distribution and pp-DRRC-distribution is a constant
function, it is a monotonic decreasing (increasing)
function of p for pp-DRC-distribution if g€ R ™

(ifueR™).
References

Ahsanullah, M. & Shakil M. (2018). Some
characterizations of raised cosine distribution.
International Journal of Advanced Statistics
and Probability, 6(2), 42-49,
https://doi.org/10.14419/ijasp.v6i2.14988

Chesneau, C., Bakouch, H. S., & Hussain T. (2018).
A new class of probability distributions via
cosine and sine functions with applications.
Communication in Statistics — Simulation and
Computation. https://doi.org/10.1080/
03610918. 2018. 1440303

El-Sabbagh, M.F., Hassan M.M., & Abdel-Salam E.
A-B. (2009). Quasi-periodic waves and their
interactions in the (2+1)-dimensional modified
dispersive water-wave system, Phys. Scr., 80,
15006-15014. doi 10.1088/0031-
8949/80/01/015006

El-Shehawy, S.A. (2012). Study of the balance for the
DHS distribution, International Mathematical
Forum, 7(32), 1553-1565.

El-Shehawy, S. A. (2013). A class of deformed
hyperbolic Secant distributions using two
parametric functions, Life Science Journal,
10(2), 897- 903.

-62 -

El-Shehawy and Rizk

El-Shehawy, S.A. (2017). Determination of entropy
functional for DHS distributions, International
Journal of Mathematical Archive, 8(6), 1-7.

Hassan, M.M., & Abdel-Salam E. A-B. (2010). New
exact solutions of a class of higher-order
nonlinear schroedinger equations, J. Egypt
Math. Soc., 18(2), 9-23.

Karim, F., & Seddiki, O. (2009). Numerical analysis
of raised Cosine sampled chirped Bragg
grating for dispersion compensation in dense
wavelength division multiplexing systems.
International Journal of Communications, 3(1),
9-16.

Kyurkchiev, V. & Kyurkchiev, N. (2015). On the
Approximation of the Step function by Raised-
Cosine and Laplace Cumulative Distribution
Functions. European International Journal of
Science and Technology, 4(9), 75-84.
doi:10.12732/ijpam.v120i3.10

Rinne, H. (2010). Location-Scale Distributions —
Linear Estimation and Probability Plotting
using MATLAB, Copyright: Prof. em. Dr Hors

Rinne, Department of Economics and
Management Science, Justus—Lieblig—
University, Giessen, Germany.

http://dx.doi.org/10.22029/jlupub-17571

Sinha, R.K. (2012). A thought on exotic statistical
distributions. World academy of science,
Engineering and Technology, 6(1), 366-369.
doi.org/10.5281/zen0d0.1334219

Surhone, L.M., Tennoe, M. T. & Henssonow S. F.
(2010). Raised cosine distribution. VDM
Publishing, ISBN 978-6-1313-6436-5.



https://doi.org/10.14419/ijasp.v6i2.14988
https://www.tandfonline.com/author/Chesneau%2C+Christophe
https://www.tandfonline.com/author/Bakouch%2C+Hassan+S
https://www.tandfonline.com/author/Hussain%2C+Tassaddaq
https://doi.org/10.1080/03610918.2018.1440303
https://doi.org/10.1080/03610918.2018.1440303
http://dx.doi.org/10.12732/ijpam.v120i3.10
http://dx.doi.org/10.22029/jlupub-17571
https://doi.org/10.5281/zenodo.1334219

